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11.6

We will first find the position of a spaceship x(7) in the earth frame after a
proper time 7 has elapsed. We consider the case of constant proper acceler-
ation @ = (a,0,0) and initial velocity v(0) = 0. Now, in the earth frame we
have

(90 51, (1)

where ¢ is the rocket’s velocity as measured in the earth frame. The 4-
acceleration,

dUu

A= E’ (2)

is a 4-vector and thus has an invariant length. That is, A-A = —(A%)24+A- A
has the same value in all inertial frames. If we consider a reference frame
with coordinates 7 and 7 which is instantaneously comoving with the rocket,
we find that 5725 =0 and % = d, which implies that

A-A=d-d (3)

in all frames. Combining Eq. (3) with the observation that U -a = 0 (which
can be obtained by differentiating U - U = —1) and Eq. (1), we find that

dt d?
£ _p2E (4)
dr? dr?

where t and x refer to the earth coordinate system. This shows that the

4-acceleration in the earth frame is given by
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r Pz
A= :):—7—7070 ; 5
(v dr?’ dr? ) (5)

a fact which can be combined with Eq. (3) to show

d*x

2 2 2
— (1= o?) (2L, 6
= a0 ©
Thus, 9% = ~va, which implies together with 327”5 = d('yv) =% that
dv
1-— 7
W o1 -2, )

Together with the condition that v(0) = 0, this equation has the solution
v = tanh(ar).

Now, % = (t) so that dz = v(7)7y(r)dr and thus

x(m) —x(n) = /12 dr = /T T)dT = / tanh(a7) (8)

1
= / sinh(ar)dr = — cosh(cm‘z) - cosh(am). 9)

Now we have to reintroduce the factors of ¢ that were suppressed in the
calculation above. In particular,

2(2) — a(n) = %Co sh(22) — < cosh(4h). (10)

C a C

This allows us to immediately answer part (b) by taking 7, = 0, 75 = 5yrs
and a = g. The result is that in the first 5 years, the spaceship will travel a
distance of

c? ary

- —(cosh(—= . )—1) = CTQ(;CCL)(COSh(aTQ

) - 1), (1)

ary _ 9.81:5-365:24-3600 _ 5 16 hecomes

which by calculating ¢ 35108

1
¢ - byrs(=——=)(cosh(5.16) — 1) = 83.4 light years . (12)

5.16

The distance traveled during the second leg is the same, so that the total
distance traveled is 166.8 light years.



We now go back to (a):
Now, dt = ~vdt, so we have

T T 1
t= / ~y(r)dr = / cosh(ar)dr = — sinh(ar). (13)
0 0 a
Again, we must reintroduce the factors of ¢, to get
c ar c at
t = —sinh = 7— sinh(— 14
asm(c) TaTsm(C) (14)

so that the earth time elapsed in the first 5 year leg of the tripis 5 yrs =t sinh(5.16) =
84.4yrs. The earth time elapsed on each 5 year leg of the trip is the same
(which can be seen from the symmetry of the problem), so that the total
time elapsed on earth during the entire voyage is 4 - 84.4 = 337.6years.

11.13

a) In the frame K’ we simply have an infinite line charge. This has zero
magnetic field and a % electric field. In particular, we have

B = 0and (15)
E = 2—‘{073/. (16)
T

We can transform this back to the lab frame by using the general relation
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E = YF+3xB)- + 6(3-E') (17)
— — — — ’)/ - = —
B o= (B = x B) = - ) (18)
with 5 = —2Z. In particular, this leads to
— — 2 ~
E = qF = %T’ and (19)
— 2 ~ 2 2
B = T om0 (20)
rc cr

b) In K’ the charge density is given by
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p(r,z,0) = %(5(7"), (21)

which can be seen by noticing that the integral over r and 6 gives the appro-
priate linear charge density:

2w poo > qo > qo
/ / p(r, z,0)rdrdf = 27?/ —4(r)dr = 7r/ —=(r)dr = qo.  (22)
o Jo o

—oo T0

Since K’ is the rest frame of the wire, the current density is simply zero.
Thus, the 4-current is

J = (cL6(r),0,0,0), (23)

r
in the K’ frame. Lorentz transforming this into the lab frame gives

J = (cv%é(r},vv%é(r}é). (24)

¢) Now we’d like to calculate the E and B fields directly from Eq. (24).
Because of the cylindrical symmetry, the electric field can be determined
using Gauss’ Law:

2 L—',-Lo
2rrLE(r) = 47T/ / / s)dLsdsdp = 87r2L/ s)sds = 4w Lvyqo,

(25)
leading to E(r') = 27‘107’ as found in part (a).
To find the magnetlc field, we use Ampere’s law along a circle of radius
r to find

— — 4 —
y{B-dl:%/J-da, (26)
which implies

4 27 pr

2nrB(r) = —W/ / v7@6(8)5d8d¢ (27)
s

= 8iv”y T(S(s)ds (28)

0

82 ) 1

- 2

& ! T2 (29)
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From this we can deduce 9
g (30)
cr

again in agreement with (a).

12.3

Warning: we take ¢ =1 for this problem.
We take Ej to point along the z axis and v along the x axis. Since B = 0,
the equations of motion of the particle are given by

dp ~
d—lt) = €E0 (31>
de I

where we have let € be the energy to avoid confusion with the electric field.
Writing these out in component form, we find

dpz
=0 33
i (33)
dp,
eat ) 34
7 (34)
dp.
= eF 35
dt o (35)
de
il ev, Fy, (36)
the first three of which have solutions
pr = constant =0 (37)
py, = constant = m——0 (38)
/1 — v}
p. = eEyt + constant = eFEjt. (39)
Now,
m2v} m?2
€(t) = /P> +m? = \l =02 + (eEpt)? +m? = \/1 2 + (eEpt)?, (40)
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so that

5 1 - 1 Vo 1 Vo
U(t) = —pl(t) = —(0,m———, eEpt) = 0, m——=
my € y1-4 \/ st (eBot): W13
0
(41)
which can be integrated to give
z(t) = 0 (42)
myovo . . 1 €E0t
t) = h 43
) = T sinh (S0 (43)
m*g  myo
t) = 12 - —. 44
A= PRy ek 4
(b) Eliminating ¢ in the equations above, we find
E Eot
sinh( o y) = %o = (45)
molo mYo
mYo. | . .o, €Ep m7yo eFy
= — h*(—— 1-1|= h — 1. 46
= g ) 41— 1 = PRty 1), )
For times ¢ < 72 we have y < "2 so that
myo 1, eEy ., ey
~ 14 = —1] = 47
: eEo[ * Q(mfyo’uoy) ) 2mfyov§y (47)
For t > 770 we have
E
5 mo €L (48)

R e
2eFEy mYoUo



