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2.486
&) We know that
1 g
W=—- i B
7= -5 2 Qugg, B0
Using the fact that
or is zero, we see

m is eylindrically symmetric, 80 Q11 = Qaz-

The proble
the trace of the quadrupole tens
1
Qun =Qu~= —-2'st
i to be @ = 1Qua. The
o within

moment in nucle
fers to the external electric beld, ¢

=
23
&2
8 i The book defines the quadrupole
3 ,:f clectric field in our formula for W re
57 the nuclens ¥V - E =0, ot
5 =
% g4 25, --2F.
o dz dy dz
? ; / Thus
P& 8 1(8 a ] 1{ 0 :
& = 0 Dot ] u
& eQ {0 1 eQ (8 ;
W=- —E -y =—21{4E '
? s e N b_(__@z_ )ug +2) 4 \ 0Oz ¢ r
b) — T T -
(BE) AW AW ( c )
20,7 @ . R Ameqnd
0 CQ (m) =08p
Now from the particle data book,
2 f
4:'50 =qahe= %%C- with o = 17137
So
W 4(W/R)2me) 4 107sec—12m (0528 x 10717 m® 0,085
e (== B Qac = 5 10-®m? (1/137) x 3 x 10¥m/sce =R
Imenny g
(;Ez) - -0.085 (—L—,,)
i)z G 4dmendy 5
¢) Let us assume the sphercid 1s gotte?ﬁtyﬁ-mmt'roﬁ -sBout the semimajor
axis. The equation for a gpheroid is given by
2 4 2 2
=+ z
— ta!




The volume of the spheroid is

IRV p'zﬂ:rj dn
/ drp/ pdpf = T‘Jwab2

_p?/’b‘_
where p? = g2 + 2
Thus the charge density of the nucleus is

_ 3Ze
dar 4 b2
V1=
Quz = ﬂc2w/ pd.o/ (22 — p?) dz
— ,_p:r/bz

B . . . 2 f 2 2
2 b — p2\ 2022 — 20207 — 3,212 dab® (a? - b?)
QS3 = PCZW[; P (Sa ( 2 ) L2 dp — pLQﬂ— 15

2 P o))
Quz = (%—) 27r4ab (ar b ) 22(’( 2 bz)

dnah? i5

So
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3. Jackson, I’roblem 4.8 7 Points

Let ¢ denote the angle with respect to the external Held. Then, beeanse of symmnietry the solution will only
contain terms x p=" cos(nd). After elimmation of diverging terms other than that producing the exterual

field £y, the potential is of the following form:
Outer region:
0
Dy = —pEycosp + Z tdap” " cos(ne}
n=1
Middle region:
- v oo
&, = Z b p" cos(neg) - Z Enp” " cosing)
n=1 n=1
Inner region:
o
dy —~ Z Uy 7 cos{na)
n=1

Boundary condition on outer interface {or D-Reld:

%, Oy |
(i = g =00
dp |, dp
Yoo enb T — ene b7 0 kg Fobg — cynd, b
Boundary condition ou cuter interface for E-field:
%, 0‘]’1
pder |, pile |,
T b T = e, 8 — Fpda g — nd, b
Boundary condition on inner interface for D-field:
b 0‘])-2 '
e =
()p (1 d’g £
Yoo oegnena” ' = enbpa™T = cneam !
Boundary condition ou inner interface for E-field:
0(1’3 s
plol, pde |,
T na,a ™t = —nba™ ! - nene Pl
"
4




Note that the boundary conditions for the E-field are equivalent with setting the potentials on the intorfaces

equal. The systemn Lo be solved therefore is

”27? _UZn
H2n —('?-H-Q”
0 P
0 b2n

-1 0 T 0

£ 0 b, _ 0 :

—e,. 1 n - Fab? 8,4 s (1)
1 -1 dﬂ = .E(] bz (5” 1

where ¢, = ¢/, Since the determinant /) = a (P (e, + 2 e (e, - 1)) is generally # 0, ali Uy by n. dy

are zero unless = 1. For 11— 1. with Kramer's rule, Mathematica or equivalent one finds:

431

by

L8]

d

1h2e,
Euag(cr — 12 — b ¢ 4+ 1)2
2% (e, + 1}
Ly — B2, + 1)
2028 e, — 1)

(o, — 132 - #2(c, + 1)2 -
(a2 $2)(2 - 1) ~

(e — 102 — b{e, + 112

¢ a2 (e,

= Ey

= JE[]




b:) In the inner region. there is a homeogeneous electric field of 4 size less than the outer field Fy. In the

Imermediate region, the field is inhomogeneons and weakest {soe Hgure),

Inner field/outer field

Figure 2: Upper panel: Streugth of inner field relative to outer field for b = 2a vs dieleciric constant of
the shell. The presence of the dielectric shell attenuates the fleld. Lower panel: Qualitative drawing of
electric feld lines.
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c): Solid eylinder {case o = 0). We find

a1 = ({irrelevant)
2
b, = ..Ei—t
1 e
o= 0 q
b, —1 4
d - B, (e, ) ;
& + 1

j) (3)

The inside teld, given by b, and e1. is homogeneous and attenuated by a factor ﬁ relative 10 the outside

. . @ . il ue
fleld. The o, -term reflects 5 “2D dipole moment™ proportional to arew, external field, and eontrusr =1 5

[re41]
the dielectric constant.
Cylindrical cavity in bulk dielectric {case b — oc). We find
e,
1 - -F -
. Yo+ 12
2
b]_ = L 1“:0——
£ ot
2a%(¢,. — 1}
o o wf :
<] 0 ({_r 3 Uz
di = {irrelevant)
(4)

Here. the outside field is siven by O and e, At larae distances, the outside Held is homogeneous and hag a
= . 1 1 =) 2}

magnitude given by b, The cavity Held, given by ay, is homogeneons and amplified by a factor 2 relative

Ee |
to the asymptotic outside lield. The cr-term reflects a 2D dipole moment™ of the eavily proportional to
area. the asvmptoiic outside feld b, and the conirast H-], in the dieleetric constant.




4. Jackson, Problem 4.10 6 Points

a): We first identify the solutions lor &£ and 770 Sinee there cannot be any potential differences on the
conduclor surfaces, the electric fields in the regions with and without dieleetric must essentially be the same,
The only guestion is whether there are eny non-trivial structures in the fiold near the interface between the
dielectric and the free space between the two shells. We first elain that the E-field is very simple, namely
that it is identical with the field of a free point charge located ai the origin. The claim is proved later by

showing that the corresponding solution satisfies all boundary eouditions,

We assume that the E-fleld has the form E(r) x 7= both in the regions with and withoui, dielectric. Using

Guuss's law on a sphere with radius g < 7 < b, it is then the case that
j{D da = @ Qﬁ-rz(c[]]-?(r) +¢E(r})
; T Caukah -72___- --f" _‘_"‘-_--‘:\.\‘
Bry = 5

< 2m(ey +e)rd ‘ (5)

The Iree charge on the outer shell is then =@, as can be seen by considering a Gaussian surface inside the
outer conductor,

The specibied field is the only solution. becanse it satisfies the equations V. D = pand ¥V x E = 0 in the

volume of interest. it satisfies the general boundary conditions for F- and D-fields at the interface between

ihe dieleciric and the free space, and it produces the correct charges en (he inner and outer shells.

b}: We use the wual boundary condition i - (D;—Dy)

= Ofyee. WHhOeTe 1 1S 4 unit veclor pointing fron region
L to region 2. Since 1) = 0 inside conductors, on the part of the hiner surface facing the dielectrie-free region
the coudition reads —

&

Tteoe — £ Dia) = Qey & I _ Qa .
fre Y 2wt o) o i‘2ﬁu2(c0 +¢) )
.i\
and on the part facing the dielectric it is SR Mg e
e T e
' Qe

Tfrpe =

I T 7 m/

c): Here. P(r) = {c - co)E(r). The volunie polarization charge demsity p,; = -V P = ¢ everywhere.
The surlace polarization charee density generally is given by o1 (Pr — P,] = ... where 1 is & unit vector
=) r o5 A 5 5 1 2 Tl

pointing from region | to region 2. On the part of the inner surface facing ihe dielectric the condition reads

4 o =i Play= - ) Ay

2ra(cy - ¢) s

T —— //

on the part facing the diclectric-free space Tl i sl -
Not required: On the interface between the diclectric and the dieleet ric-free volume it is P L A and thus

Tpol = 0. On the part of the outer surface facing the dielectric it is Tpoi = 0 -P(b) = %}';[_ﬂ:%




